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SYNCHROTRON RADIATION FROM ELECTRONS 
IN HELICAL ORBITS 

Kunitomo Sakurai* 

NASA Goddard Space Flight Center 
Greenbelt, Maryland 

ABSTRACT 

This paper considers correction factors of some of 
the commonly used results of synchrotron radiation theory 
both in vacuo and in ambient plasmas. These revisions 
are important when the spectral distribution of synchro- 
tron radiation and the wave frequency range in which 
the influence of ambient plasmas becomes serious are 
considered . 
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Synchrotron radiation from energetic electrons is very 
important in explaining various characteristics of solar radio 
type IV bursts and galactic radio emission (for example, Kundu 
1965; Ginzburg and Syrovatskii, 1964, 1965). In recent time, 
both the effect of helical motion of radiating electrons (Epstein 
and Feldman, 1967) and the influence of ambient plasmas (Ramaty 
and Lingenf elter , 1967; Ramaty, 1968) on the characteristics 
of synchrotron radiation have attracted attention. 

The influence on the characteristics of synchro- 
tron radiation of the helical motion of radiating 
electrons will be here estimated for both cases, (1) in vacuo 
and (2) in the plasma medium. 

Spectral Distribution of Synchrotron Radiation 

The angular distribution (angle 9) of the radiation intensity 
from electrons of arbitrary energy in helical orbits with the 
pitch angle v, for the S-th harmonic component is given by 

dl g s 2 e 2 u) 2 p 2 (l-p 2 ) psinGsinY 2 

dp " 2ttc~ (1-pcosGcosy) 4 tCsin¥«r (s j -PcosGcosy^ ^ 

cos9-pcos¥ psinGsinY 2 

+ [ sing V s i~pcos6cosY^ ^ ^ ^ 

where is the gyrof requency which is defined by eBL/nuc and 

H o o 

cp is the velocity of electrons, (e.g., Takakura, 1960; Kundu, 

1965; Bekefi, 1966), and H Q is the strength of external magnetic 


field. 
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The total intensity of radiation of the s-th harmonic is 
obtained, by integrating with respect to the solid angle, as 
follows : 


dl 


s 


J<-aS> d fi 


2 2 
2se to H 


1 - 0 *' 

B* 


J 2s (2sp * ) 


.B* 


-s J 2g (2s?)de:3 , 


( 2 ) 


* / "' 6 '" 2 

where dn=2rrsin0d0 and B ---BsinY/yl-B cos 

In the above equation, we define an apparent Lorentz factor 
Y* in order to proceed with the discussion of the case for 
¥~rr/2, which has been already dealt with by many authors (for 
example, Schott, 1912; Schwinger, 1949; Francia, 1959; Landau 
and Lifshitz, 1961). This apparent Lorentz factor is defined 
as 


v*- — 1 Y ./l-e 2 cos 2 Y (3) 

./1-I3* 2 

/ 2 

where y =l//l-0 > is the true Lorentz factor. If we assume 
Y»1 , i.e. B v 1, V* is reduced to y sin Y according to equation 
(3) . It thus follows that y* >:> 1 because the pitch angle y is 
taken as constant in the above discussion as far as the calculation 
of the spectral distribution is concerned. 
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For y *» 1(. - .B*-1) and s»l, the first and the second terras 
in the parenthesis on the right-hand side of equation (2) are 
expressed as 


J 2g (2sp*)« K 2 /3(2 s/3y* 3 ) 

and 


(4) 


s(l-B* 2 )f S *j (2s?)d? 
o 

1 * 

“ 275„ Y * a 4 K l/3 (T,)dr '’ (5) 

by making use of the approximate formulae in Watson’s book 
(1945) , where o(.“2s/3y* . By using the equality 

Oft 

2K 2/3 " T a K i/3 dT l"J^ K 5/3 M dn (6) 


the right-hand side of equation (2) can be rewritten for the 
case y >:> 1 as follows: 


hi 

2 2 

© 


s 


( 0 , 


J W 


(7) 


Here we define the characteristic harmonic number s by 

3 3 3 ^ 

3/2 . y* (=3/2 ,y sin t|r ) , analogous to the discussion for the case 

f»n/2 as considered by Schwinger (1949). When this number s 
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is substituted into equation (7) f the following equation is 
obtained : 
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s 


,/3e^oi^ 

2nvc 


__1 s _ p" 

sin* s c 8/s c 


K 5/3 


(n)dn 


( 8 ) 


If the relation I - w^/2rry I f is taken into account, the 
spectral distribution with respect to the wave frequency is 
obtained as follows: 


2,/5rre 2 


f 


H 


sin* 


i* Kr/o ( n)dn 

*C f/f c 5/d 


( 9 ) 


where f-u//2rr, £y~\o^/2n and f c -w c /2rr. This result is the same 
as has earlier been obtained by many authors except for a 
factor (sin*)" 1 , In fact, it is known that, as the pitch angle 
of radiating electrons becomes smaller, the peak intensity 
radiated into the direction of the instantaneous velocity vector 
of these electrons becomes higher (Sakurai and Ogawa, 1968). 

In the above equation, the characteristic frequency f is 
given by 

q o a q 9 9 

f c “ i? f H Y sin * “ nTT * sin *, (10) 

which is different from the result by Epstein and Feldman 
(1967) by a factor sin *. The reason is due mainly to the 
vagueness in their definition of gyrof requency . Whenever we 
observe the Doppler-shifted gyrof requency , we must always 
define this frequency by 


01 ) 


® m o C 1-BcOSiJfCOB 0 

since only this component H Q x, ( x -H 0 sin*) is effective in the 
gyration of an electron. If the form H Q j_is used, equation (10) 
reduces to 

, 3 eH o 2 . . 

f _ “ 7 T- — z v sin^ (11a) 

C 4rr m Q C ™ 

In conclusion, equation (9) must always be used in considering 
the spectral characteristics of synchrotron radiation from 
relativistic electrons, in which case the frequency f,, where 
the emission intensity attains the maximum, is given by 

f m - 0.29 f Q (12) 

Where f Q also contains the factor sin 2 *. Therefore, this 
frequency always becomes smaller, than the case for i|f*--rr/2. 

This discrepancy becomes serious when the pitch angle ty approaches 
zero . 

The factor sint|r does not appear in the polarization 

equation defined by Ginzburg and SyrovasI ti (1965) . It thus 

follows that this factor only affects the spectral distribution 
* 

of the emission power. 

Synchrotron Radiat i on in Plasmas 

The characteristics of synchrotron radiation are somewhat 
modified in the presence of ambient plasmas as has been considered 
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by Ginzburg and Syrovatskii (1965) and Raraaty and Lingenfelter 
(1967). In dealing with the synchrotron radiation from energetic 
electrons in helical orbits in ambient plasmas, it must, how- 
ever, be remarked that the power radiated par unit frequency 
interval is altered as follows: 


2»/!?TTe^f 


H 1 


=** ruu-X 2 ]* (13) 


where the refractive index 
2 


2 2 

l~f /f , the plasma frequency 

r 


e^ne 

f — = — ; n rt , electron number density) and the characteristic 

p 7rm o e 

frequency in this case is given by 


f 


cl 


3eH Q 

4'n'ra o c 


Y 2 sin 2 *[l+(l-^ 2 )v 2 ]i 


(14) 


In equation (13) , the influence of ambient plasmas is 
neglected when 

(l-jf)v 2 « 1- (15) 


Then, from this equation, 


it follows that 



n ec 
e 



H Q sin^ 



(16) 


Since the essential part of synchrotron radiation is confined 

to the frequency range f ~ f , the criterion 

c 

4n ec 
e 

3H Q sin% 


f » f 


(17) 
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must b© satisfied for the influence of ambient plasmas to be 
neglected . 

? _1 

Consequently, since the factor (sin *) is larger than 
unity unless * - rr/2, the critical frequency f becomes larger 
by this factor in comparison with the case where the pitch 
angle * of radiating electrons is f - tt/2. 1 It is, therefore, 
impossible to neglect it in estimating the influence of ambient 
plasmas on the characteristics of synchrotron radiation from 
energetic electrons in helical orbits. The criterion given 
by equation (17) differs by a factor (sin *)” from that given 
by Ramaty and Lingenfelter (1967) . 
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